Abstract. Adjoint actions of compact simply connected Lie groups are studied by Kozima and the second author based on the series of studies on the classification of simple Lie groups and their cohomologies. At odd primes, the first author showed that there is a homotopy theoretic approach that will prove the results of Kozima and the second author for any 1-connected finite loop spaces. In this paper, we use the rationalisation of the classifying space to compute the adjoint actions and the cohomology of classifying spaces assuming torsion free hypothesis, at the prime 2. And, by using Browder's work on the Kudo-Araki operations Q 1 for homotopy commutative Hopf spaces, we show the converse for general 1-connected finite loop spaces, at the prime 2. This can be done because the inclusion j : G → BΛG satisfies the homotopy commutativity for any non-homotopy commutative loop space G.
Introduction
For a connected topological group G, the loop group ΛG = {u : S 1 → G} is homeomorphic with the product group G×ΩG, where ΩG denotes the subspace of loops start and end the unit e ∈ G. However the multiplication of ΛG is different from that of the product group G×ΩG, unless G is abelian. The difference can be described by the adjoint (left) action of G on ΩG, say Ad : G×ΩG → ΩG by Ad(g, ℓ)(t) = gℓ(t)g −1 . Kozima and the second author
[?] studied the difference in terms of the cohomology of the classifying space, when G is a 1-connected compact Lie group. In this paper, our approach is rather homotopy theoretical. If we consider ad * instead of Ad * , we only have the following result.
Theorem 2.4.
At the prime 2, the following four conditions are equivalent.
vi) The self adjoint action induces the trivial action ad * = pr 2 * :
vii) The Pontryagin ring H * (G; F 2 ) is commutative Hopf algebra.
viii) The Hopf algebra H * (G; F 2 ) is primitively generated.
ix) The Hopf algebra H * (G; F 2 ) is an exterior algebra.
We have the following relations among the conditions given in the above theorems. The condition v) implies that j * is injective. Hence we have vii) by the above fact.
The proof of Theorem ??
The condition c) implies clearly b) and the condition b) implies clearly a 
Firstly, it is well-known that viii) is equivalent with ix).
Secondly, we show that vi) is equivalent with vii): By the definition of ad, we have the
where T denotes the transposition. Thus we have the following proposition: Firstly, it is obvious that v) implies iv).
Thus we are left to show iv) implies v): Assuming iv), we consider the cohomology EilenbergMoore spectral sequence associated with the fibration (??). Then, by the standard argument of the Eilenberg-Moore spectral sequence, the E 2 -term of the spectral sequence is described
converging to H * (BΛG; F 2 ). Hence iv) implies that j * :
Thus iv) implies v). This completes the proof
of Theorem ??.
The condition i) implies ii) and iii)
We shall show that the conditions i), ii) and iii) are equivalent.
In this section, we show that i) implies ii) and iii): i) implies that H * (G; Z) is an exterior algebra on odd primitive generators. Then the generators of H * (G; Z) are all transgressive and H * (BG; Z) is a polynomial algebra. Let ℓ : BG → BK = BG Q be the rationalisation to the generalised Eilenberg-MacLane space where K = ΩBK ≅ G Q :
generators are all trivial in the integral cohomology. This implies that the module isomorphism gives an isomorphism of algebras. Thus the condition i) implies iii).
Also by (??), we have ΛBG Q = BG Q ×ΩBG Q ≅ BG Q ×G Q and hence the adjoint action of G Q on ΩG Q is trivial up to homotopy. Since the integral homologies of G and ΩG has no torsion, it is embedded in the rational homologies, and hence we get that the adjoint action of G on ΩG induces trivial action on the homologies. Thus the condition i) implies ii).
Bockstein operation in primitively generated cohomology
Before proving the converse, we need to show the following 
The condition iii) implies i)
Secondly, we show that iii) implies i): iii) implies clearly v) and iv), and hence, vi), vii), viii) and ix). Assuming that G has 2-torsion, we will be led to a contradiction. By Fact ??,
we have a homotopy φ : 
non-zero for any choice of y ′ . This contradicts with iii), and hence, G has no 2-torsion. Thus iii) implies i).
The condition ii) implies vi) through ix)
To show that ii) implies i), we need to show that ii) implies vi) through ix). Assuming that 
This contradicts with Ad * = pr 2 * , and hence ii) implies vi).
Thus we have that ii) implies vi), vii) viii) and ix).
The existence of 1-implication
The presence of 2-torsion in G implies 1-implication: Let us consider the subspaces of 
By the arguments given in showing i) assuming iii), we have a homology operation Q Let us consider the following exact sequence obtained from E 2 G× G H by collapsing ΣG∨H:
where ℓ H denotes the inclusion and q H the collapsion.
Let us recall that j *
a suspension space has no non-trivial cup-product in its cohomology. Then the exactness of (??) implies that i * 2 x ′ 2 is in the image of q G * . This implies the following proposition:
On the other hand, the Hopf structure µ : G×G → G induces the fibrewise Hopf structure
G× G G the projection to the t-th factor and byî n t :
the inclusion to the t-th factor of fibrewise Hopf spaces. Then the primitivity of y implies that
where a i is inH * (ΣG; F 2 ). Since G has no 2-torsion in its cohomology up to dimension N,
and sinceμ induces a mapμ ′ : ΣG∧(G×G) → ΣG∧G, we have g, µ(h, g) ), and hence, we have
where we denote ∆ # (α) = α⊗1 and ∂(β) = 0. Then we have ∂(α 2 ) = 2βα + 2αβ which is zero modulo 2. Since ii) implies ix),
we have that α 2 represents zero, and hence, one can take γ such that
is zero modulo 2. According to the arguments given in the proof of Browder's implication theorem, we get the following equation:
Since η annihilates the image of j G # , we get
By (??), we have φ 2 # (e
Then by Proposition ??, the following equation modulo 2 follows:
By Proposition ??, we can proceed as
Here, let us recall that β, a Since
, and hence
. Then by Lemma ??, it follows that 
